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The forces between protein molecules in solution are in large part elec-
trostatic in origin. Evidence for the dominant role of electrostatic forces
is provided by the marked effect of ionic strength on the thermodynamic
interaction of proteins. Thus, the commonly observed reduction in
interaction produced by the screening action of the statistical space
charge of the ions of an electrolyte would only be effective on that part
of the force between protein molecules, which is electrostatic in origin.
At values of pH departing from the isoionic points of the molecules in
question, a simple Coulomb force, determined by their net electric charges,
is predominant. This force is non-specific and is sensitive to molecular
structure only in so far as structure influences the net charges. When one
or both of a pair of protein molecules are at their isoionic points, structure
sensitive electrostatic forces come into play. These forces have been
customarily attributed to fixed constellations of electric charge, which
impart to the molecules permanent electric multipole moments charac-
teristic of their structure.
We shall investigate here another type of electrostatic interaction

between protein molecules, which arises from fluctuations in charge and
charge distribution associated with fluctuations in number and con-
figuration of the protons bound to the molecules. Proteins, considered as
ampholytes, contain a large number of neutral and negatively charged
basic groups, such as -NH2 and -COO-, to which protons are attached.
Except in highly acid solutions, the number of basic sites generally exceeds
the average number of protons bound to the molecule, so that there exist
many possible configurations of the protons, differing little in free energy
among which fluctuations may occur. Fluctuations in the number and
configuration of the mobile protons impart to the molecules fluctuating
charges and fluctuating electric multipole moments. We have demon-
strated in a previous investigation' that the dipole moment fluctuations,
arising from configurational fluctuations of the protons, are sufficient to
account for the dielectric constant increments of many proteins without
postulating the existence of permanent dipole moments. Linderstr0m-
Lang2 has shown that fluctuations in net charge contribute to interaction
between proteins and the small ions of an electrolyte. In the present
investigation, we shall demonstrate that the interaction between the

863



CHEMISTRY: KIRKWOOD AND SHUMAKER PROC. N. A. S.

fluctuating charges and multipole moments of two protein molecules
makes a significant contribution to the intermolecular force, by a relatively
simple mechanism. The fluctuating electric field, of each molecule alters
the distribution of fluctuations in the charge and constellation of the
mobile protons of the other in such a manner as to produce at the isoionic
point a long range attractive force between them with a potential diminish-
ing asymptotically as 1/R2, in the absence of screening by the statistical
space charge of an electrolytic environment. With screening, the range
is reduced by an exponential factor, e- R, depending upon ionic strength
through the Debye-Huckel parameter, K.
We consider two protein molecules in aqueous solution, the centers of

mass of which are separated by a distance R. We suppose that molecule
1 contains Pi basic groups of intrinsic charge ei(l) and that molecule 2
contains V2 basic groups of intrinsic charge ek 2). We define proton oc-
cupation variables xi(l and Xk(2) to be unity when the respective basic
groups are occupied by one proton and zero otherwise. For specified
proton configurations, xi(,) ....x,M( and X1(2)....X.,2 (2), the electric charges
of the several groups, qj(l) and qk()2 are e'(l) + ex1M' and ek(2) + eXk(2)
where e is the protonic charge. The mutual electrostatic energy Vof the
two molecules, in specified orientations and proton configurations is given
by,

PI V2 i(1) qk(2)
V = E E -qq1i = 1 k = 1 DR

qj(l) = etM1 + exj(l)
qk(2) = ek(2) + eXki2) (1)

where D is the dielectric constant of the solvent and Rik(2) is the scalar
distance between basic group i of molecule 1 and basic group k of molecule
2. Electrolytic screening is not included in equation (1), but will be
taken into account for special models later. For generality, the sum of
equation (1) may be regarded as extending over other charged groups of
the molecules, as well as basic groups, with the convention the proton
occupation variable is always zero for a non-basic group.
The potential, W(R), of average force between the two molecules is

related to the potential V of the force in fixed orientation and proton
configuration in the following manner,

e W (R) = (e 'V)av.

W(R) = (V)av. - (2).

864

, = llkT (2)



VOL. 38, 1952 CHEMISTRYY: KIRKWOOD AND SHUMAKER

where the average is to be taken over all orientations and over all proton
configurations of the two molecules, with uncorrelated distribution func-
tions. For simplicity in the present argument, we shall suppose that at
distances not permitting overlap of the excluded volumes of the two mole-
cules, their only interaction is electrostatic, with the potential, equation
(1), and we shall retain only the first two terms in the expansion, equation
(2) of W(R) in powers of d. With these simplifications, we may express
W(R) as follows,

(q111)av.(q121)av.11 P

W(R) = (q2 ) D(q ) -D 2 E E (qj(l)ql(l))avy(qk(2)qg(2))avyfjkjs
DR 2D R2 i,l =I1 k,s=l

R2/_ik_Isft1{1. = \Rlk(l2)R ls(12)>V (3)

where (q(l)).v. and (q(2))^.V are the average total charges of the two
molecules, equal to zero at their respective isoionic points, and the func-
tions fikj, averages over all orientations of both molecules, approach
unity asymptotically as the distance R between their centers of mass
becomes large relative to the linear dimensions of both molecules. We
now write,

qi(l) = (qj(l))av8 + AqjL()
qk(2)= (qk(2))av* + Aqk(2)

Aqj(1) = e[xj(') - (Xi,())av.]
Aqk(2) = e[Xk(2) - (Xk(2))av.]

q(l) = E qj(l); q(2) = E qk(2) (4)
i = 1 k = 1

in order to separate the contributions of the mean and fluctuating charge
distributions to W(R) in the following manner,

I (1)\v I (2)\&V
W(R) - DR + W(00)(R) + W(10)(R) + W(01)(R) + W('1)(R)

W(O R) 2D2R k (qt 1)av.(qjl )av.(qk 2))av.(qs(2 ) av.ftkls2D2R i,1 1 k,s=l

) 2D2R2 (A= E 1(1)Aq )av.(qk(2))Ev.(qs(2))av.jtkIs2D21 ,1 1k,s=1
PIV P2

W(O I) (R)2R2 i 1:k q(ft)av.(qj(1))av.(Aqk(2)Aqs(2))ftk2.D2R2 (1)f01
i,l = 1 k,s=1

o vl P2

2D2R2 iR1k1' (Aq Aql )av.(Aqke2)qs(2))&.ftkIs (5)2D1i,l -I1 k,s=l
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By expansion of the functionsflkl8 in powers of (1/R), each of the terms
W(a°(R) may be expressed as a sum of terms corresponding to the inter-
action of electric multipoles of various orders. The term W(°°)(R) repre-
sents the interaction of the permanent electric multipoles of the molecules,
the terms W(01)(R) and W(10)(R) the interaction of the permanent multi-
poles of the one molecule with the fluctuating multipoles of the other, and
the term W(")(R) the interaction of the fluctuating charges and fluctuating
multipoles of both. .
We shall now limit our considerations to values of pH corresponding

to the isoionic point of one of the proteins. Under this condition, W(R)
becomes asymptotically equal to the fluctuation term, W('1)(R), at large
intermolecular distances, as each of the functions fiki approaches unity.
Among the several contributions to W(R), we shall therefore undertake a
detailed analysis only of this term. With the use of equations (4) and
'(5), it may be expressed in the form,

/3e4 P1

W(l1)(R)21.~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~2EE[(Xi(1)XI(I))av.~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~I(j'~i'~'v
2D2R2 i, = 1 k,s=l

(Xi(l))av.(XI(1))av.] [(Xk(2)XS(2))av. - (Xk(2))av.(XS(2))av.]fikls (6)

The pertinent mean values of the products of the proton occupation vari-
ables are to be taken over distributions, x'(l) ....x,1() and x1(2)....X,2 (2)
of the protons among the basic sites of the two molecules. For molecule 1,
we have,

(Xi)av. = E xie#[AC(l)-WC(l)(xi .xvi)I
xi. . Xvi = O

(XiXI)av. = E XiX O[Ac(1)-Wc(I)(xt..XVI)]
xi. . .X1 x(=O

e OAct() = E e- .WC()(xi.* xV!) (7)
xi ... xvl = 0

where WC) is the local free energy of proton configuration xi(')....xp,(l),
and AC,1) is the total configurational free energy of molecule 1. The
configurational mean values for molecule 2 may be calculated from exactly
similar relations. Methods developed by Kirkwood3 in the theory of
acid-base equilibrium of ampholytes may be employed for the explicit
calculation of the mean values of the occupation variable products.

- log GM')
\Xffav - log X1iM

(XiXI)av. = X11'ax()aM2GO')
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G
^,

G1= iE B(l (xi.... x,) [H+] i 1
xi.. .xv = 0

l....x,) = [ jII (XM(l))Xi] e-a 1 (ei(l)/e + xi)]

xf(l) = [K (1)ea(')] -1

e2 1

2b1DkT 1 + Kbi (8)
where b1 is the radius of molecule 1 considered as a sphere, K(') is the
intrinsic dissociation constant of the acid conjugate to the basic group i,
[H+] is the hydrogen ion activity, and K iS the ionic strength parameter
of the Debye-Huckel theory. The averages for molecule 2 may be cal-
culated by means of similar relations. If intramolecular electrostatic
interaction between the protons of each molecule is neglected, the following
result is obtained,

(x (1)xJ(1))aV -(XM(1)a.(Xl(1))av
bit

-v (Xi~')av.(i~1) =2 + Ki(l)/[H+] + [H+]/JK(()

(Xk(2)XS(2))a - (Xk (2))av.(XS(2))aV. =
bks (9)(Xk2~Xs 2~)av. - (Xk(2~)av.(Xs 2 + Kk(2)/I[H+] + [H+]/Kk(2)

where 6il, the Kronecker delta, is equal to unity of i = I and zero other-
wise. In this approximation the potential W(11)(R) becomes

f3e4 PI 5'
W(I)(R) = -2D2R2 E E [2 + Ki(')/[H+] +

[H+]/Ki(1)]-1[2 + Kk(21/[H+] + [H+]/Kk(2)] -lfik (10)

fik =4uiUk { g [- (us - u

uj log + Ut + Uk)(1+ Uk - U) +

(1 +
Ut
+ Uk)(1 +Uk uk)1_

ulog L(1+ uk- u)(1- ui -uk)J

ui = bi(1)/R; Uk = bk(2)/R
where b(l) and bk(2) are the distances of the basic groups i and k from the
centers of mass of the respective molecules 1 and 2, and the symbol for
the function fikik has been abbreviated to ftk. The factor fik does not de-
part greatly from unity. For a pair of identical spherical molecules with
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basic groups located on their surfaces, fik diminishes from 1.39 on contact
to its asymptotic value, unity, at large separations. The asymptotic
form of W(11)(R) is obtained by approximating allfik by unity.

WI 1)(R) =_(,Aq(1)')av.(Aq(2)')aV
2D2R2kT

pi

(Aq(=)2)av. e2 [2 + Ki(')/[H+] + [H+]/Ki(2)]-l

12

(Aq(2)2)aV = e2 [2 + Kk(2)/[H+1 + [H+]/Kk(2)]-1 (11)
k =1

where (Aq(1)2)av. and (Aq(2)2)av. are the total charge fluctuations of the two
molecules.
The potential W(11)(R) of equation (11) leads to a long-range attractive

force between the two molecules, diminishing as the inverse cube of the
distance. A force of this range fails to yield convergent expressions for
the thermodynamic functions. Properly, a Debye-Hiickel factor should
be included to provide for screening of the fluctuating electrostatic inter-
action by the statistical space charge arising from counterions to the pro-
teins and from the ions of other electrolytes present in the solution. If
the molecules are spherical, the asymptotic potential, equation (11), is
modified by screening as follows,

w(l)= _ (/Aq(L)!).v*(/Aq(2)2)av. e-2K(R - a12)
2D2R2kT (1 + Kal2)2

K = Ko2 + K12

2 4irN [(Aq(2)av) Cl+ (Aq(2)2)av.C2
10ODkT L M21

2-47rNe2 CZKO2= (12)KO1000DkT
j

where a12 is the sum of the radii of the two molecules, K02 is proportional
to the ionic strength of other electrolytes present in the solution and the
second term represents the contribution of the fluctuating charges of the
proteins to K2, their concentrations Ci and C2 being expressed in grams
per 100 ml. of solution. Here Mt and M2 are the molecular weights of
the proteins and N is Avogadro's number. If either of the proteins is
not at its isoionic point, (Aq2)av. should be replaced by the mean square
<q2>a,. to its total charge. When either of the proteins is ispionic,
W(11)(R), of equation (12), is the dominant asymptotic term in the total
potential of average force, W(R), at large intermolecular distances, since
then the first term of equation (3), appropriately modified with a Debye-
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Huckel screening factor vanishes. A more exact calculation of W(l")(R),
based on equations (6), (7) and (8), taking into account the influence of
intramolecular electrostatic interaction between the protons on the mean
values of the proton occupation variable products, may be carried out
numerically. When both proteins are isoionic, the correction for proton
interaction is not large.

According to the theory of Kirkwood and Shumaker,l W(11)(R) may
also be expressed in terms of the cipole moment fluctuations AsA12 and
AMA22 of the two molecules, through their relationship to the charge fluctua-
tions. The expression is the following,

--As112AM22 e2K(R - An,)
-(R= 2D2b12b22kTR2(1 + Kal2)2 (13)

where bi and b2 are the radii of the two spherical protein molecules. Equa-
tion (13) is convenient for estimating the order of magnitude of W(11)(R)
from experimental values of the dielectric increments of the proteins.
We shall now investigate the influence of the interaction of protein

molecules through charge fluctuations on the chemical potential of a single
protein at its isoionic point. According to the theory of Kirkwood and
Buff,4 we may write at low concentrations, for a protein component 1 in
a solvent 0, at constant Ko of other electrolytes present in the solution,

lOOM1 ,aye\10 I =-I"
NkT t cT)T.Ps Ko

co

Gil = 47r R2[gul(R) - 1] dR
co

Gio = 4w f R2[glo(R) - 1] dR

IA = kTlog Ci + ,jl' + ,u10(T, p)

M10(T, p) = lim [y' - kT log C1] .(14)

where gul(R) and gio(R) are the radial distribution functions of a pair of
protein molecules and a protein and solvent molecule, respectively, which
are related to the potentials of average force Wnl(R) and Wlo(R) in the
following manner,

gil(R) = e-Wi1tR)

gio(R) = e-Wto(R) (15)

In each of the integrals of equation (14) there is a co-volume term arising
from the region of overlap of the excluded volumes of the molecular pair.
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If the dimensions of a solvent molecule are ignored in comparison with
those of the protein, the co-volume contribution to G1o is one-eighth that
of Gii. If, further, the solvent is assumed to play only the role of a di-
electric continuum exterior to the excluded volume of the protein, and
Wl1(R) is approximated by (12) exterior to this volume, we obtain with
the neglect of powers of order #13,

lOOM1 {ay8 - 2B0 - 7rN(Aq(l) V),.
kT \ Ci )T, P. Ko (DkT)2K(l + Ka)2

B1= 77rNa3/12 (16)

where a is the molecular diameter and (Aq(1)2)ay* is given by equation
(11). If the contribution of the protein to the ionic strength is negligible
in comparison to that of other electrolytes present in the solutions, we
obtain by integration of equation (16) the following result for the excess
chemical potential, Ule, per molecule.

,Al/kT = 2BC1

B ( 1 Bo{B -

rN(Aq(l)av. }(17)
lom,, 2(DkT)2K0(l + KoCa 2(7

The coefficient of C1 in the expansion of the osmotic coefficient in powers
of C1 is equal to B by conventional thermodynamic relationships. . In the
absence of other electrolytes with the ionic strength determined entirely
by the fluctuating charge of the protein, integration of equation (16)
yields the Debye-Huickel limiting law,

,ie/kT = -(Aq(1)'-) K + O(K12)2DkT

K12
4 r(Aq(1)2Xa C1 (18)
100M1DkT

characteristic of electrolytes.
At high ionic strengths, the co-volume contribution, Bo, to the inter-

action coefficient, B, of equation (17) is the dominant one leading to a
positive value of the excess chemical potential. Only at quite low ionic
strengths does the second term arising from proton fluctuations become
dominant, leading to a negative excess chemical potential. For serum
albumin in water at 300 K at its isoionic point, the coefficient B is estimated
to be,

B = (4.3 - 0j)/o00o (19)

where r is the ionic strength of other electrolyte. At ionic strength of
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the order of 10-3, the fluctuation term is approximately ten times as large
as the co-volume term and gives rise to substantial negative values of the
excess chemical potential at protein concentrations of the order of several
per cent.
The present analysis of the attractive force between proteins arising

from fluctuations in charge and configuration of mobile protons is neces-
sarily schematic because of lack of knowledge of the details of protein
structure. Although it is a force of long range at low ionic strength, it
appears to exhibit specificity only through the influence of structure on
the fluctuations. It is clear, however, that highly specific interactions
might well arise from the mechanism of interaction, which has been de-
scribed. In favorable orientations, steric matching of a constellation of
basic groups on one molecule with a complementary constellation on the
other could conceivably produce a redistribution of protons leading to a
strong and specific attraction depending upon the local structural details
of the complementary constellations. As an extreme example it is possible
to imagine proton fluctuations to be frozen in such a manner as to produce
an intermolecular zwitterion, with matching areas of positive and negative
charge on complementary areas of the two molecules. Such considerations
relating to specificity of the fluctuation force must necessarily remain
speculative until detailed knowledge of structure is available.

In conclusion, the authors wish to acknowledge their indebtedness to
Julian M. Sturtevant for interesting discussions during the course of this
investigation.
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